We study the dynamical evolution of a massless scalar perturbation in the Hořava-Lifshitz blackhole spacetimes with the coupling constants λ = 
I. INTRODUCTION II. BLACK HOLES IN HOŘAVA-LIFSHITZ GRAVITY
The four-dimensional metric in the ADM formalism can be expressed as [32] 
and the Hořava gravity action reads [1, 20] 
where C ij is the Cotton tensor
Taking N i = 0, the spherically symmetric solutions are [19, 20, 21, 22, 23, 24, 25, 26 ]
with f = 1 + r 2 − m r p±(λ) , p ± (λ) = 2λ ± √ 6λ − 2 λ − 1 ,
where m is an integration constant related to the mass of the black hole and λ ≥ are integers, which are convenient for us to study the dynamical evolution of the scalar perturbations in the following calculations. In the table I, we list the f (r),Ñ (r) and Hawking temperature of Hořava-Lifshitz black holes for λ = 
III. DYNAMICAL EVOLUTION OF SCALAR PERTURBATION IN HOŘAVA-LIFSHITZ BLACK HOLES
The evolutional equation for a massless scalar perturbation is
Setting Φ(t, r, θ, ϕ) = e −iωt R(r)Y lm (θ, ϕ)/r and defining the tortoise coordinate
where F (r) = r ξ/2 f (r) with ξ = 6, 2, −2 for λ = 
with
We know from Fig. (1) that, for the cases λ = Let us now use the Horowitz-Hubeny approach [33, 34] to study the evolution of the scalar perturbations in the Hořava-Lifshitz black holes above. Due to the special asymptotical properties of their effective potentials V (r) at infinity, we take the following boundary condition
which ensures that the solution is purely ingoing waves at the event horizon and is not divergent at infinity at the same time. Writing R(r) = e −iωr * φ, Eq. (10) can be rewritten as
Setting r = 1 x to change the physical region of r + < r < +∞ into x + > x > 0, and then using B(x) =
which can be rewritten as
We can expand S(x), T (x) and U (x) around the point x = x + and the corresponding coefficients of (x − x + ) m are described by S m , T m and U m , respectively. Since there exists only the ingoing modes near the event horizon, we can write φ as
Substituting Eq. (16) into Eq. (14), we can obtain a recursion relation for a n :
where Z n = n(n − 1)S 0 + nT 0 . The boundary condition (12) at infinity now becomes
In order to find the numerical solution of Eq. (18), we have to truncate the sum (18) at some large k = N .
For chosen parameters, if the root of Eq. (18) approaches to the same value as N increases, we can say this root is the characteristic frequencies of the black hole. Moreover, we must increase the precision of all the input data to avoid the "noise" which arises in the recursion.
IV. NUMERICAL RESULTS
In this section we present our numerical results for the scalar perturbation in the Hořava-Lifshitz black holes with λ = can be approximated as
which is also shown in Fig. (2) . This means that the absolute value of imaginary parts is proportional to the Hawking temperature of the black hole. It is similar to that in 4-dimensional Schwarzschild AdS black hole in which the imaginary parts of the massless scalar perturbation can be approximated as [33] − ω
Comparing eqs. (19) and (20) we find that, if the Hawking temperature is identical, the scalar perturbation decays in the Hořava-Lifshitz black hole with λ = 1/3 more slowly than that in the Schwarzschild AdS black
The fundamental (n = 0) purely damped frequencies of scalar field in the in the λ = 1/3 Hořava-Lifshitz black hole for l = 0, 1, 2. hole. There are other different properties compared to Schwarzschild AdS black hole. On one hand, the damped modes appear to increase with the angular momentum l, while for Schwarzschild AdS black hole the imaginary part of the frequencies decrease with l [33] . On the other hand, the linear relation between the imaginary part of the frequencies and temperature is broken down for small Schwarzschild AdS black hole, but to λ = 1/3 Hořava-Lifshitz black hole, this relation holds not only for large and intermediate black holes, but also for small black hole (see Fig. 2 ).
We also study the asymptotic behavior of high overtone of the large, intermediate and small λ = 1/3
Hořava-Lifshitz black hole. In the table (III)-(V), we list the overtones of purely damped frequencies of scalar field for fixed l = 0, and 4 in the Hořava-Lifshitz black hole with λ = 1/3 for r + = 100, r + = 1 and r + = 0.01, respectively. As the overtone number n increases, the absolute value of imaginary parts increase and the modes are evenly spaced, which is similar to that in the usual black-hole spacetimes. In the large Hořava-Lifshitz black hole with λ = 1/3 (see table III), the evenly spaced frequencies of the perturbations is The overtones of purely damped frequencies of scalar field in the Hořava-Lifshitz black hole with λ = 1/3 for r+ = 1, l = 0, 4. For large n one finds that ω λ=1/3 ∼ −(2.007n + 2.906)i for l = 0. approximated as
This asymptotic behavior for the spacing holds for any value of l, i.e. this spacing is l-independent as the same as Schwarzschild AdS black hole [36] . Now let us consider the scalar perturbation in the Hořava-Lifshitz black hole with λ = 1/2. In table VI, we list the fundamental characteristic frequencies of the scalar perturbation for different values of r + . Similarly, we find that in this black hole the real parts of frequencies also disappear for the perturbations (as shown in Fig. (3) ). Moreover, we also find the absolute values of imaginary parts increase with the radius of the event horizon r + . It implies that in this case the scalar perturbations decay more quickly in the larger black hole.
For the Hořava-Lifshitz black hole with λ = and the Hawking temperature 
This asymptotic behavior for the spacing holds for any value of l, i.e. this spacing is also l-independent as the same as λ = 1/3 Hořava-Lifshitz black hole. The overtones of purely damped frequencies of scalar field in the Hořava-Lifshitz black hole with λ = 1/2 for r+ = 1, l = 0, 4. Asymptotically for large n one finds approximately ω λ=1/2 ∼ −(1.009n + 1.333)i for l = 0. By repeating the previous operation, we find that it is very difficult to find the convergent root. Under the condition of 100-digital precision of input data, there is no convergent root. So we improve precision to 300-digital precision, the convergent roots appear but the convergence becomes much slower than λ = 1/3
and λ = 1/2 cases. It is also difficult to seek high overtone. In the table (X) we list the characteristic frequencies of the scalar perturbation in the Hořava-Lifshitz black holes with λ = 3 for different values of r + . From the table (X), it is easy to see that the modes are not linear to the temperature at all, but they are still monotonically increasing with the temperature (see Fig. (4) ).
Though the modes do not linear to the temperature, they linear to the radii of horizon in large black hole
This property is similar to Schwarzschild AdS black hole, −ω SAdS I = 2.66r + [33] .
V. CONCLUSIONS AND DISCUSSIONS
We study the dynamical evolution of the massless scalar perturbation in the background of Hořava Why there are only purely damped modes in three kinds of Hořava-Lifshitz black holes? Let us recall that purely damped mode is also appeared in Einstein's gravity, for example, some modes of the Schwarzschild AdS black hole due to Dirac [35] , electromagnetic and gravitational [36, 37] perturbations and Reissner-Nordström AdS black hole due to electromagnetic, gravitational [38] and Rarita-Schwinger [39] field perturbations for low overtone numbers. But for scalar field, the purely damped mode has never appeared in Einstein's gravity.
In classical mechanics, the over-damped condition will lead to a purely damped mode. By comparing the wave equation (10) to damped wave equation in classical mechanics, we find that the potential V (r) is exact damped term which results in energy dissipation. From the Fig. (1) , one can see that the potential of scalar perturbation for λ = 1/3 Hořava-Lifshitz black hole is proportional to r 8 at long distance, for λ = 1/2 Hořava-Lifshitz black hole it is r 4 , but for Schwarzschild AdS black hole is just r 2 . r 4 and r 8 asymptotic potentials may be over-damped potentials, so that the decay with no oscillation for λ = 1/3 and λ = 1/2 Hořava-Lifshitz black holes.
From the Fig. (5) we know that the potential of electromagnetic perturbation with l = 1 in Schwarzschild AdS black hole is convergent to constant 2 at infinity and potential of odd gravitational perturbation with l = 2 is 6 [36, 37] , while for λ = 3 Hořava-Lifshitz black hole it converges to constant 1 at infinity (Fig. (1) ). The authors in Ref. [37] find that, due to electromagnetic perturbation, there exist the lowest purely damped modes so long as r + ≥ 5 with angular momentum l = 1, and r + ≥ 10 with l = 2; to odd gravitational perturbation, there exist the lowest purely damped modes if only r + ≥ 0.5 with l = 2, and r + ≥ 1 with l = 3. In ref. [36] , the authors find that there exist eight purely damped modes for r + = 1000, four for r + = 100, and two for r + = 10. Then they conclude that "infinitely large black holes may have pure imaginary electromagnetic QN frequencies for any overtone number". Therefore, it is understandable that there exist purely damped modes in λ = 3 Hořava-Lifshitz black hole. 
